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Abstract
We investigate the electronic and optical properties of monolayer and stacking dependent bilayer blue phosphorus in the
framework of density functional theory (DFT) and tight-binding approximations. We extract the hopping parameters of TB
Hamiltonian for monolayer and bilayer blue phosphorus by using the DFT results. The variation of energy band gap with
applied external electric field for two different stacks of bilayer blue phosphorus are also shown. We examine the linear response
of the systems due to the external electromagnetic radiation in terms of the dielectric functions in the DFT theory. The
relatively large electronic band gap and possibility of exfoliation form bulk structure due to weak interlayer coupling, make
blue phosphorus an appropriate candidate for future electronic devices.
I. INTRODUCTION
After the discovery of graphene [1], other 2D nano-
structures were predicted theoretically [2–4] and synthe-
sized in laboratory [5–7]. Among these, the monolayer
black phosphorus, 2D puckered structure of phospho-
rus, which was also successfully fabricated in laboratory
[8, 9] and studied with several theoretical works [10–16].
Moreover, another 2D structure of phosphorus with A7
phase which is known as blue phosphorus, is confirmed
to be as stable as 2D black phosphorus due to the ab-
sence of imaginary frequencies in phonon spectrum [17–
19]. In the meanwhile, there are few number of theoret-
ical studies on buckled structure of phosphorus [19–21].
Also it was shown the blue phosphorus is stable under
substitution of light non-magnetic atoms [22]. Recently
the quantum spin-Hall states have been predicted in bi-
layer black phosphorus [23]. The carbon atoms in the
graphene have sp2 hybridization which leads to in-plane
σ and an out-of-plane pi states in graphene plane. In
the case of phosphorus the hybridization is sp3 which is
caused by the extra valence electron. The sp3 hybridiza-
tion leads to the out-of-plane atomic position and the
buckled structure in phosphorus 2D nano structures [24].
The electronic band in graphene are mostly arised from
the atomic pz orbital in the pi states perpendicular to
the graphene plane. As a result, the simple single tight-
binding model works for low energy states around the
∗Electronic address: mogulkoc@science.ankara.edu.tr
Fermi level considerably well. But for the sp3 hybridiza-
tion in phosphorus one should consider at least 4 atomic
orbitals for an appropriate tight-binding model. From
an experimental point of view the multilayer structures
are more convenient in laboratory because of difficulty
to obtain monolayer. In the bilayer and multilayer 2D
nano-structures, number of layers and stacking may tune
different physical properties. The electronic band gap is
tunable by stacking in silicene [25, 26]. The optical prop-
erties is also stacking dependent in graphene [27, 28] and
black phosphorus [29, 30]. Due to the buckling atomic
structure, the blue phosphorus has more possible stack-
ing than the graphene. The bonding between layers due
to the van der Waals interaction should be considered in
the DFT-D model [31]. In the tight-binding calculations,
the binding between layers is modeled by additional hop-
ping between atoms. Here, we study the electronic and
optical properties of monolayer and bilayer blue phos-
phorus. In the case of bilayer blue phosphorus we con-
sider four different stacking of adjacent layers. For the
electronic calculations from DFT and four atomic orbital
tight-binding models were employed. Finally, the optical
properties of monolayer and most stable bilayer structure
are calculated based on DFT.
II. MODEL AND METHOD
We investigate the electronic properties of monolayer
and bilayer blue phosphorus with different stacking in the
DFT and tight-binding theories. We fit the DFT results
with tight-binding model to obtain the required param-
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FIG. 1: Structure of (a) monolayer, (b) AA stack bilayer and
(c) AB stack bilayer blue phosphorus.
eters which are applicable for future theoretical study of
bilayer blue phosphorus.
A. Density functional theory
In this work, all the first-principles calculations are
performed by using VASP package [32]. The exchange
correlation potential is approximated by generalized gra-
dient approximation (GGA) with PBE [33, 34]. A plane-
wave basis set with kinetic energy cutoff of 500 eV is used.
All atomic positions and lattice constants are optimized
by using the conjugate gradient method with DFT-vdW
[35]. Moreover, Brillouin zone sampling with Monkhorst-
Pack method [36] of 24×24×1 k-points and to eliminate
the interaction between monolayers in supercell, ∼ 30
A˚ vacuum were considered. The convergence for energy
was set as 10−8 eV between two steps and the maximum
Hellmann-Feynman forces acting on each atom was less
than 0.001 eV/A˚ upon ionic relaxation.
B. Tight-binding calculations
In the tight-binding calculations we consider four
atomic orbitals per phosphorus atom as the basis set.
For monolayer the hopping between nearest-neighbour
(NN) and next-nearest-neighbour (NNN) are included in
the tight-binding Hamiltonian. In the case of bilayer the
hopping between adjacent layers is also included in the
Hamiltonian. To construct the total Hamiltonian the re-
quired Slater-Koster hopping parameters which include
the on-site energy of s and p atomic orbitals, hopping pa-
rameter between nearest-neighbor tNN and next-nearest-
neighbour tNNN atomic sites and layers are extracted by
fitting the band structure with DFT results in the first
Brillouin zone. The real space Hamiltonian matrix is
Fourier transformed and diagonalized to find the elec-
tronic bands as a function of wave vector in the first
Brillouin zone. Here, all tight-binding calculations are
performed by using a self-developed code.
C. Optical properties
To learn more about the technological importance of
these structures, we focus our attention on optical prop-
erties using GGA-PBE functional. The linear response
of a system due to an external electromagnetic radi-
ation is described by the complex dielectric function
ε(ω)=ε1(ω) + iε2(ω) [37]. The dispersion of the imag-
inary part of complex dielectric function ε2(ω) was ob-
tained from the momentum matrix elements between the
occupied and unoccupied wave functions as follows,
ε
(αβ)
2 =
4pi2e2
Ω
lim
q→0
1
q2
∑
c,v,k
2ωkδ (ck − vk − ω)
× 〈uc+k+eαq |uvk〉 〈uc+k+eαq |uvk〉∗ (1)
where the c and v correspond to conduction and va-
lence band states respectively, and uck is the cell periodic
part of the orbitals at the k-point k. The real compo-
nent of the dielectric function, ε1(ω) is calculated via the
KramersKronig transformation [38]. Then, other impor-
tant optical constants such as the reflectivity R(ω), the
electron energy-loss spectrum L(ω), as well as the refrac-
tive index n(ω), and the extinction coefficient k(ω) were
calculated using the following expressions [39, 40]:
R(ω) =
∣∣∣∣∣
√
ε(ω)− 1√
ε(ω) + 1
∣∣∣∣∣
2
, L(ω) =
(
ε2(ω)
ε21(ω) + ε
2
2(ω)
)
n(ω) =
(√
ε21(ω) + ε
2
2(ω) + ε1(ω)
2
)1/2
,
k(ω) =
(√
ε21(ω) + ε
2
2(ω)− ε1(ω)
2
)1/2
. (2)
III. RESULTS AND DISCUSSIONS
The monolayer blue phosphorus consists two different
sub-lattices that are separated by the buckling length
as shown in FIG.1. The buckling length for monolayer is
1.23 A˚ which is comparable with previous reports [21] and
stanene buckling length [3]. All the structural parameters
have also shown in Table I. The electronic band structure
in the DFT and tight-binding models and partial density
of states (PDOS) are plotted in FIG.2 for monolayer.
The monolayer blue phosphorus is a semiconductor with
indirect gap. The valence band maximum (VBM) and
conduction band minimum (CBM) are between Γ-K and
Γ-M in the first Brillouin zone, respectively. The gap
value is 1.94 eV for DFT which is in fair agreement with
tight-binding band structure. Black/blue arrows show
the position of VBM and CBM in DFT/tight-binding
theories. According to the PDOS for different atomic or-
bitals, the main contribution around the Fermi level is
related to the p atomic orbitals. Unlike the graphene,
contribution of s atomic orbitals in the total density of
states is not negligible which shows the importance of dif-
ferent hybridization of s and p atomic orbitals for tight-
binding calculations.
2
FIG. 2: (a)Electronic energy levels and (b) PDOS for mono-
layer blue phosphorus in the DFT (black solid line) and tight-
binding (blue dot) theories.
For bilayer blue phosphorus we examined different
stacks as shown in FIG.1. In the AA stack (FIG.1(b))
the second layer is exactly above the first one but in the
AB stack (FIG.1(c)) the upper layer is moved in xy plane
with respect to the first layer. Due to the buckling, there
are different atomic configurations for AB bilayer struc-
ture. The relaxation process for AB stack is started from
different configurations to guarantee the global minimum
energy for AB structure. We minimized the total inter-
nal atomic force and stress for all structures. Accord-
ing to our calculations of the AA and AB stack bilayer
blue phosphorus have the minimum energy and consid-
ered as the most stable structures in the following. The
inter-layer binding energy for AA and AB stacks is 25
meV (cohesive energy as 12.5 meV/atom) which is com-
parable for a typical van der Waals layered structure,
such that cohesive energy of graphene-hexagonal boron
nitride superlattices was found around ∼ 9.5 meV/atom
from GGA+vdW functional [41]. The weak binding be-
tween layers in bilayer blue phosphorus make it possible
to exfoliate 2D layer from the bulk one. The inter-layer
distance in bilayer structures are 3.24 and 3.21 A˚ for
AA and AB stacks, respectively. Buckling parameter of
bilayer is almost same as monolayer for blue phospho-
rus. Electronic band structure and PDOS of bilayer blue
phosphorus plotted in FIG.3 for AA and the stable AB
stacks.
The position of VBM and CBM are hardly ever
changed in the bilayer structure with respect to the
monolayer but they move toward each other that de-
creases energy gap to ∼1 eV. In the bilayer structures
the atomic p orbital enter to the electronic gap region.
Each energy band in the monolayer is split to two bands
due the interaction between two adjacent layer. The fit-
ting process between DFT and tight-binding is done in an
iterative Monte Carlo method to obtain the best possi-
ble set of parameters. The difference between on-site en-
ergy of s and p atomic orbitals is -4.55 eV for monolayer
and different type of bilayer structures of blue phospho-
rus. Table II contains all the tight-binding parameters
required to construct the Hamiltonian for different struc-
tures. Our tight-binding parameters for monolayer blue
phosphorous are in good agreement with Ref.42. Due to
FIG. 3: Electronic band structure and PDOS for (a,b) AA
and (c,d) AB stacks of bilayer blue phosphorus.
the simple atomic structure for the AA stack only near-
est neighbor hopping leads to relatively good results but
for AB configuration we consider both nearest neighbour
and next nearest neighbour hopping integrals for bilayer
blue phosphorous.
structures length (A˚) angle (Degree) d(A˚) ∆d (A˚)
monolayer 2.26 93.07 1.23
AA stack bilayer 2.26 93.11 1.23 3.24
AB stack bilayer 2.26 93.21 1.23 3.21
TABLE I: Equilibrium structure parameters of the monolayer
and bilayer blue phosphorus.
Parameter tssσ tspσ tppσ tpppi
monolayerNN -1.0 -2.9 3.3 -0.7
monolayerNNN 0.25 -0.3 1.15 -0.4
ABNN -0.06 0.06 1.35 -0.45
ABNNN -0.04 0.08 -0.66 -0.35
AANN -0.22 -0.35 -1.51 -0.3
TABLE II: Tight-binding parameters of blue phosphorus for
monolayer and bilayer in AA and AB stacks.
The PDOS for AA and AB stacks shows the contribu-
tion of s atomic orbitals in the total density of states in
bilayer structure.
The tight-binding model predicts position and size of
electronic band gap that is a remarkable success for a sim-
ple atomic-orbital basis model. We examined the effect
of perpendicular external electric field on the band gap
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FIG. 4: Electronic band gap for AA and AB stacks as a func-
tion of applied external electric field.
of bilayer blue phosphorus in the tight-binding model.
The electric field produces a potential difference on each
plane and shifts energy bands related to different layers.
This shift fills energy region between VBM and CBM
and closes the electronic band gap for enough high elec-
tric potential. It was shown the external electric field
may open band gap in other 2D material [43]. Also the
adsorption of molecules on silicene can be thought as an
internal electric field that modify the band gap of struc-
ture [44]. FIG.4 shows the variation of band gap as a
function of applied electric field for AA and AB stacks.
The external electric field does not change the position
of VBM and CBM for both structures but decreases the
electronic gap. The energy gap is closed for electric field
around E=0.6 V/A˚ which is compatible with recent pub-
lished DFT+HSE06 results [21]. We now focus our at-
tention on discussion of optical properties of monolayer
and bilayer blue phosphorus. The dielectric constant is
a complex function of incident photon energy. The cal-
culated ε1(ω) and ε2(ω) parts of the electronic dielectric
function for the monolayer and bilayer blue phosphorus
in the range of 0-20 eV are shown in FIG.5.
The crystal structure of blue phosphorus is hexagonal
and characterized by two independent tensor components
(perpendicular and parallel to z-axis) of the dielectric
tensor. The static perpendicular real part of the dielec-
tric function, ε1⊥(0) are found to be 3.411, 4.551 (6.347)
for monolayer and AA (AB) stack bilayer blue phospho-
rus, respectively. On the other hand, tha static parallel
real part of dielectric function ε1‖(0), 2.081, 2.776 (3.746)
for monolayer and AA (AB) stack bilayer blue phospho-
rus, respectively. One can notice that from monolayer to
bilayer the peaks in the ε1(ω) increase and shift to the
low energy region. Due to the absence of absorption in
the energy gap region, the imaginary part of dielectric
function which is proportional to absorption spectra is
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FIG. 5: The computed (a),(b) real and (c),(d) imaginary part
of the dielectric function of the structures versus photon en-
ergy.
zero in low photon energy region. The imaginary part of
dielectric function depends on the polarization of incident
light. For polarization perpendicular to the phosphorus
plane, monolayer and bilayer structures are almost trans-
parent to light between 0-2 eV as shown in the inset of
FIG.5c.
For the parallel polarized light, the imaginary dielec-
tric function of AA and AB stacks have a red shift and
is more intense with respect to monolayer blue phospho-
rus which is related to interlayer interaction in bilayer
structure. The difference between absorption of parallel
polarized light may be used in laboratory to distinguish
between monolayer and bilayer blue phosphorus. Using
δε =
(
ε1‖(0)− ε1⊥(0)/εtotal(0)
)
relation [45], we calcu-
lated uniaxial anisotropy and found to be about -0.242
and -0.242 (-0.258) for monolayer and AA (AB) stack
bilayer blue phosphorus, respectively. It means that dif-
ference between perpendicular and parallel real part of
dielectric function suggests anisotropic behavior of op-
tical property. The anisotropy of optical absorption in
blue phosphorus is originated from 2D nature of atomic
configuration and decreased in bilayers for low energy
photons.
For larger frequencies than about 4.34 (4.32 for AA
and 4.34 for AB) eV and 7.65 (7.3 for AA and 7.5 for
AB) eV for the monolayer blue phosphorus, the real part
becomes negative for ε1⊥ and ε1‖, respectively. As it can
be seen from FIG.5(c), and (d), these structures have one
major peaks. The highest peak of the imaginary part of
the dielectric function ε2⊥ is located at 4.05 (4.07 for AA
and 4.05 for AB) eV and ε1‖ is also found to be 7.48 (7.17
and 7.43 for AB) eV for monolayer blue phosphorus, re-
spectively, which are related to inter-band transitions be-
tween the valence and conduction bands. In comparison
the peak of bilayer blue phosphorus for both AA and AB
4
stack are higher than monolayer blue phosphorus peak.
As it is seen in FIG.5, the imaginary part of the dielec-
tric functions for monolayer and bilayer blue phophorus
within the energy range of 0-20 eV are clearly related to
the their band structures that indicates the absorption
behavior so that the electronic transitions from valance
to conduction bands have contribution to the main part
of the optical spectra. Considering the imaginary part of
the parallel dielectric function, ε2‖, one can observe that
the threshold energies of the dielectric function is around
∼ 1.9 eV for monolayer, and ∼ 1 eV for both AA and
AB stack blue phosphorus. The threshold energies of the
parallel dielectric function correspond to the band gaps
of the systems. The threshold energy of transition be-
tween the highest valance band and the lowest conduction
band is known as the fundamental absorption edge. The
other peaks are related to different electronic transitions
from occupied states (valance bands) to the unoccupied
states (conduction bands). It should be considered that
these peaks are not only been occurred from the elec-
tronic transitions between the two bands but also from
a combination of direct and indirect inter-band transi-
tions. In addition, the low energy peaks are caused by
the near-band transitions.
The calculated refractive index n(ω), extinction coef-
ficients k(ω), energy loss function L(ω) and reflectivity
R(ω) are estimated by Kramers-Kronig relations[3] and
given in Eq.(2). Our obtained results are plotted in FIGs.
6 and 7. The calculated refractive index is displayed in
FIG.6(a) and (b) for monolayer, AA and AB stack blue
phosphorus. While the predicted values of perpendicular
static refractive index n⊥(0) are 1.84, 2.13, and 2.52, the
parallel static refractive index values n‖(0) are 1.44, 1.66
and 1.93 for monolayer, AA and AB stack bilayer blue
phosphorus, respectively. The static parallel refractive
index n‖(0)=1.44 for monolayer blue phosphorus compa-
rable with graphene (n‖(0)=1.12 and n⊥(0)=2.75) [46]
and 2D-ZnS (n‖(0)=1.66) [47]. The main peak values of
refractive index for monolayer, AA and AB stack bilayer
blue phosphorus are 2.79 at 3.60 eV, 3.17 at 3.70 eV,
and 3.75 at 3.60 eV, respectively. From the FIG.6 (c)
and (d), we have predicted the extinction coefficients for
monolayer and AA (AB) stack bilayer blue phosphorus
to be 1.902 and 2.30 (2.74), respectively. The extinction
coefficients are needed to calculate for absorption and
corresponds also to transmission of light that allows the
experiments by using optical spectrometers. As shown
in FIG.6 (c) and (d), maximum values of extinction co-
efficients in perpendicular direction are AB stack (2.74)
> AA stack (2.30) > monolayer (1.9) blue phopshorus
while in parallel direction Ab stack (1.9) > monolayer
(1.7) > AA stack (1.6). It means that the threshold en-
ergies would have been different and dependent to the
parallel or perpendicular directions.
The black phosphorus solves the high dark current
problem in graphene photodetectors [48] and used in
field-effect transistors [49]. Due to the electronic and
optical band gap the blue phosphorus may be the next
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FIG. 6: The computed (a),(b) refractive index n(ω) and
(c),(d) extinction coefficient k(ω) of the structures versus pho-
ton energy.
candidate for application in optoelectronic devices. The
absorption coefficients is calculated by extinction coef-
ficient, α(ω) = 4pik(ω)/λ, where λ is the photon wave-
length. According to our calculations the absorption co-
efficients for visible light region is in order of ∼ 105 cm−1
which is comparable by silicon absorption [50, 51]. Also
the difference between phonon spectra gap and the hard-
est acoustic mode is much bigger in the blue phosphorus
with respect to black phosphorous [17] which prevents
Klemens decay [52] for high efficient 2D solar cell appli-
cations.
One further point of interest is energy loss functions,
which is an important factor describing the energy loss
of a fast electron traversing in a material, as depicted in
FIG.7 (a) and (b) for monolayer and bilayer blue phos-
phorus. The electrons of solids could be excited in several
ways. One of them has been done as, when a fast elec-
tron passes through a solid, it may has been loss some
energy, known as L(ω), and excites the electrons of the
solid. Inter and intra-band transmissions, plasmon exci-
tations along with other possible ones contribute to form-
ing energy loss spectrum, therefore all excitations could
be identified by analyzing energy loss spectrum which is
related to dielectric function and given in Eq.(2). En-
ergy loss spectrum peaks are related to not only inter-
band transitions but also corresponded to the plasmons
that are collective oscillations of free electrons with ener-
gies dependent to the density of valance electrons. The
maximum peaks in the energy-loss function indicate that
plasmon resonance occurs at around 11.205 and 12.054
(13.634) eV for monolayer and AA (AB) stack bilayer
blue phosphorus, respectively. It can be pointed out that
the plasma frequency of AB stack bilayer blue phospho-
rus is the largest one. Reflectivity R(ω), is an impor-
tant quantity to determine the optical properties which
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FIG. 7: The computed (a),(b) electron energy loss spectrum
L(ω) and (c),(d) reflectivity R(ω) of the structures versus
photon energy.
is mentioned in Eq.(2). FIG.7 illustrates the reflectivity
spectrum for monolayer and bilayer systems of blue phos-
phorus. The R(ω) curve for all structures have a main
peak and the reflectivity tends to zero for high energy
photons. The peaks have been occurred from the inter-
band transitions. The static parallel reflectivity R‖(0)
values are higher than the static perpendicular reflectiv-
ity R⊥(0) values for bilayer systems while the static per-
pendicular reflectivity R⊥(0) value is higher than R‖(0)
value for monolayer system. As it can be seen from
FIG.7(c) and (d), while the static perpendicular reflec-
tivity R⊥(0) is 0.088 and 0.131 (0.186), the static paral-
lel reflectivity R‖(0) are 0.0328 and 0.0625 (0.101), and
the maximum values of that are about 0.38 at 4.647 eV
and 0.45 at 4.506 eV (0.426 at 8.171 eV) for monolayer
and AA (AB) stack bilayer blue phosphorus, respectively.
Among these structures, AB stack bilayer blue phospho-
rus shows the highest reflectivity at low energy due to its
more pronounced metallicity character [53].
IV. CONCLUSION
In summary, we study the electronic and optical prop-
erties of monolayer and bilayer blue phosphorus in AA
and AB stacks. The comparison between DFT and
Slater-Koster tight-binding provides table of hopping pa-
rameters for each atomic configuration. The weak bind-
ing between layers proposed the possibility of exfoliation
2D blue phosphorus from bulk in laboratory. Based on
the tight-binding model an external perpendicular elec-
tric field produces atomic dependent potential that closes
electronic band gap in bilayer blue phosphorus. Finally,
we reported the stacking dependent optical properties in
bilayer blue phosphorus by using DFT. To compare, the
static parallel refractive index n‖(0)=1.44 and the static
perpendicular refractive index n⊥(0)=1.84 for monolayer
blue phosphorus comparable with graphene (n‖(0)=1.12
and n⊥(0)=2.75). In perpendicular direction, the re-
fractive index value for blue phosphorene is less than
graphene as expected. The blue phosphorus may has the
potential application in future (opto)electronic devices
based on 2D materials.
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